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We identify the concept of a tufted assignment of neighbourhoods and with it strengthen
a remarkable theorem of Nagata to have: Every metrizable space has a metric with
respect to which balls of equal radii constitute a tufted and symmetric assignment of
neighbourhoods. We also have: The availability on a T3-space of a basic sequence of
tufted and symmetric assignments of neighbourhoods is (necessary and) suﬃcient for
metrizability. Hausdorff spaces are paracompact if and only if open covers have reﬁnements
in the form of tufted and symmetric assignments of neighbourhoods. Moore spaces X
are metrizable if (and only if) given any open cover W , there is such a sequence
〈{Un(x): x ∈ X}〉 of tufted and symmetric assignment of neighbourhoods that, for every
x ∈ X , Un(x) ⊂ St(x,W) for some n. T3-spaces are strongly metrizable if and only if on
them there are basic sequences of symmetric, point-ﬁnite assignments of neighbourhoods.
© 2008 Elsevier B.V. All rights reserved.
When, on a topological space X , there is a locally ﬁnite cover U , there is a star, St(x,U), at every point x ∈ X . As real as
the stars, there is a partition of the space X such that x and y share the same star when they are in the same equivalence
class. This partition is locally ﬁnite, although the family of stars may not be. The family of stars is nonetheless closure-
preserving as the partition is. Clearly, we can still have the concept of a closure-preserving partition when we have, instead
of stars, only an assignment of (symmetric) neighbourhoods. Whether we actually have a closure-preserving partition in any
particular case clearly depends on the assignment, and we say the assignment is tufted when we do. Indeed, locally ﬁnite
assignments are tufted assignments.
In this paper, we have the situation where metrizability is to be accounted for and the property of closure-preservation
on some assignments is found wanting for that purpose (see Proposition 2 of [7]), while upgrading closure-preservation to
local ﬁniteness proves excessive (see Section 3 below). Clearly, some property in between the two on the assignments is
called for and it turns out that the newly identiﬁed property above is the one that does the job.
Thus, we have
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2138 H.H. Hung / Topology and its Applications 155 (2008) 2137–2142(1) a new metrization theorem (Theorem 2.1) that describes metrizability in terms of symmetric tufted assignments of
neighbourhoods, a new characterization of paracompactness (Theorem 2.3) and a metrization theorem for Moore spaces
(Theorem 2.5),
(2) the theorem (Theorem 1.6) that on every metrizable space there is a metric ρ with respect to which balls of equal radii,
whatever their value, constitute a tufted family, a strengthening of the remarkable theorem of Nagata (§4 of Chap. 5
of [5]) right up to the edge of the possible, and
(3) a new characterization of strong metrizability, Section 3, strengthening Balogh and Gruenhage [1], Yun and Junnila [10],
Nagata [7] and Wiscamb [9].
0. Notations, terminology and preliminaries
0.1. Given a topological space X . If, for every point x ∈ X , we assign a neighbourhood U (x) to it, we have U ≡
{U (x): x ∈ X}, an assignment of neighbourhoods. We emphasize that those neighbourhoods need not be open neighbour-
hoods. If y ∈ U (x) ⇔ x ∈ U (y) for all x, y ∈ X , we say the assignment is symmetric. If {T (U ) ≡ {x ∈ X: U (x) = U }: U ∈ U} is
closure-preserving, we say the assignment is tufted, and speak of the collection {T (U ): U ∈ U} as the tufting. (The notions of
an assignment, its symmetry and its tufting remain valid, even if U (x) is only a subset containing the point x.)
A (countable) sequence 〈{Ui(x): x ∈ X}〉 of assignments of neighbourhoods is said to be basic if, for every x ∈ X ,
{Ui(x): i ∈ N} is a local base at x. An assignment {U (x): x ∈ X} is said to reﬁne the assignment {V (x): x ∈ X} if U (x) ⊂ V (x)
for every x ∈ X .
0.2. Given a cover V of X . There is an equivalence relation ∼ on X × X such that x ∼ y when and only when x ∈ U ⇔
y ∈ U for all U ∈ V . If we write [x] for {y ∈ X: y ∼ x}, we see that T (St(x,V)) ⊃ [x], for every x ∈ X . If V is locally ﬁnite,
{[x]: x ∈ X} is locally ﬁnite and {T (St(x,V)): x ∈ X} is a locally ﬁnite tufting. So locally ﬁnite tuftings and symmetric tufted
assignments of neighbourhoods are naturally occurring objects.
0.3. Given an assignment U ≡ {U (x): x ∈ X} of symmetric neighbourhoods. If there is an open cover V such that U (x) =
St(x,V) for every x ∈ X , we say U is stellar. If, further, V is locally ﬁnite, we say U is locally ﬁnitely stellar. Thus, in 0.2
above, we have established that locally ﬁnitely stellar assignments of (symmetric) neighbourhoods are tufted, with locally
ﬁnite tuftings. Symmetric and tufted assignments of open neighbourhoods can always be reﬁned by some stellar assignments
(see Remarks 3 on Theorem 2.1).
Proposition 0.4. Given any symmetric assignment U ≡ {U (x): x ∈ X} of neighbourhoods. U is locally ﬁnite ⇒ U is tufted, with
a locally ﬁnite tufting ⇒ U is tufted ⇒ U is closure-preserving. In general, the implications cannot be reversed.
Counterexamples.
1. X ≡ {0,1,2, . . .}. V ≡ {{0,1}, {0,2}, {0,3}, . . .}. U ≡ {St(x,V): x ∈ X} is not point-ﬁnite at 0, although tufted, with a dis-
crete tufting.
2. X ≡ J (ω), the hedgehog with countably many spines. (Notations as in [10].) For every (x,n), x ∈ (0,1], n ∈ ω, let
U ((x,n)) = {0} ∪ {(y,n): y ∈ (0,1]}. Let U (0) = X . Clearly, U = {U (z): z ∈ X} is tufted and the tufting is not locally ﬁnite.
3. Let X ≡ {1, 12 , 13 , . . . , 1n , . . . ,0} with the usual metric topology T . Of the symmetric U , let
U (1) ≡ X\
{
1
2
}
,
U (x) ≡ X\
{
1
n− 1 ,
1
n + 1
}
if x = 1
n
< 1,
U (0) ≡ X .
Clearly, U is closure-preserving though not tufted. (The example above was constructed by Professor Nagata for a different
purpose in 2002.)
Theorem 0.5. (See Cor. 2.3 of [2].) A topological space X is metrizable if and only if it is T0 and has neighbourhoods {Wn(x): n ∈ N}
at every x ∈ X with the following property: For each x ∈ X and each open neighbourhood U , there exists a neighbourhood V of x and
an m ∈ N such that
(i) Wm(y) ∩ V = ∅ if y /∈ U , and
(ii) Wm(y) ⊆ U if y ∈ V .
Theorem 0.6. A regular T0-space X is metrizable if and only if on it there is a basic sequence of locally ﬁnitely stellar assignments of
(symmetric) neighbourhoods.
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of X . 
1. Symmetric and tufted assignments of neighbourhoods
In general, balls of equal radii on a metric space do not form a tufted assignment of neighbourhoods. On the other hand,
a remarkable result of Nagata [5] has it that on every metrizable space X , there is a metric d with respect to which the
collection {B(x): x ∈ X}, for all  > 0, is closure-preserving. In contrast, there is the result of Balogh and Gruenhage [1]
and of Yun and Junnila [10] that on some metrizable space X , there is no metric d with respect to which {B(x): x ∈ X},
for all  > 0, is locally ﬁnite. In view of 0.4 above, we naturally ask whether on a metrizable space X , there is a metric d
with respect to which {B(x): x ∈ X}, for all  > 0, is tufted, maybe even with a locally ﬁnite tufting, and note that more
can be extracted from Nagata’s construction in his result quoted above to provide aﬃrmative answers to our questions. We
provide in the following a sketch of a proof of the fact asserted.
Proposition 1.1. Given an open cover U , on a paracompact Hausdorff space X, there is a locally ﬁnite open reﬁnement V which in
turn has a locally ﬁnite open reﬁnementW such that, for every x ∈ X, St(x,W) ⊂ V for some V ∈ V , and such that every St(x,W)
intersects only ﬁnitely many members of V .
Proof. The proposition follows from the well-known fact that paracompact Hausdorff spaces are fully normal, except for
the property required of W stated at the end. If one notes that, because V is locally ﬁnite, there is a locally ﬁnite open
covering V ′ , every member of which intersects only ﬁnitely many members of V , and this V ′ can be used to reﬁne W , one
can see that W can be assumed to have this extra property. 
Proposition 1.2.On ametric space X, there is a sequence of locally ﬁnite open coveringsUi such that, for all i ∈ N, {St8(x,Ui+1): x ∈ X}
reﬁnes Ui , and, for every x ∈ X, St8(x,Ui+1) intersects only ﬁnitely many members of Ui . One can even assume that the mesh Ui → 0
as i → ∞.
Proof. From Proposition 1.1, we can readily generate a sequence of locally ﬁnite open coverings Ui such that, for all i ∈ N,
{St(x,Ui+1): x ∈ X} reﬁnes Ui and, for every x ∈ X , St(x,Ui+1) intersects only ﬁnitely many members of Ui . The subsequence
that takes on only every fourth term has the required property. 
1.3. Given a sequence 〈Ui〉 of locally ﬁnite open covers on a metric space X as described in Proposition 1.2 above. Let M
be the set of strictly increasing functions from N to N. For any m ∈ M and p ∈ N, and for any U ∈ Um(1) let
U (m,1) = U ,
U (m, p) = St2(. . . St2(St2(U ,Um(2)),Um(3)), . . . ,Um(p)), if 1 < p, and
U(m, p) = {U (m, p): U ∈ Um(1)}.
For any m ∈ M , and for any U ∈ Um(1) , let
U (m,∞) =
⋃{
U (m, p): p ∈ N} and
U(m,∞) = {U (m,∞): U ∈ Um(1)}.
Proposition.
(a) For every m ∈ M, p ∈ N, U ∈ Um(1) ,
U (m, p) ⊂ U (m,∞) ⊂ St3(U ,Um(2)) ⊂ St3(U ,Um(1)+1).
(b) U(m,∞) is locally ﬁnite.
(c) The symmetric (open) neighbourhood assignment {St(x,U(m,∞)): x ∈ X} is tufted, the tufting locally ﬁnite.
Proof. (a) is clear from the deﬁnitions of the various objects.
(b) If St8(x,Um(1)+1) does not intersect a given U ∈ Um(1) , St(x,Um(1)+1) does not intersect St3(U ,Um(1)+1), much less
U (m,∞).
(c) Clear from 0.3. 
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On the structures developed in 1.3 above, we can construct a metric ρ on a given metric space X as follows. For any
m ∈ M and p ∈ N, let s(m, p) ≡ Σ{2−m(i): 1 i  p}, and let a symmetric function ρ on X × X be deﬁned so that
ρ(x, y) = inf{s(m, p): y ∈ St(x,U(m, p)) for all m ∈ M, p ∈ N},
ρ(x, y) = 1 if y /∈ St(x,U(m, p)) for any m ∈ M, p ∈ N.
That ρ(x, x) = 0 is quite clear. That ρ(x, y) = 0 ⇒ x = y follows from the assumption that mesh Ui → 0 as i → ∞. To
see that the triangle inequality is satisﬁed, let it be given that ρ(x, y) = a ρ(y, z) = b. For any arbitrarily small  > 0, let
there be m, l ∈ M , p,q ∈ N such that x, y ∈ U (m, p) for some U ∈ Um(1) and y, z ∈ V (l,q) for some V ∈ Ul(1) and such that
a < s(m, p) < a+  , b < s(l,q) < b+  , and s(l,q) < s(m, p). Note that l(1) ≮m(1), i.e. m(1) l(1). Further, we can insist that
l(1) <m(p) (because we can always add an m(p + 1) larger than l(1) and so large that we still have s(m, p + 1) < a + ).
1. If l(1) =m(i) for all 1 i  p and m(ν) < l(1) <m(ν + 1) for some ν < p, then there is k ∈ M such that
k(i) =m(i), for all 1 i  ν,
k(i) = l(i − ν), for all ν < i  ν + q.
Clearly, x, y ∈ St3(U (k, ν),Ul(1)+1) ⊂ U (k, ν + 1), y, z ∈ St3(V ,Ul(1)+1), V ⊂ U (k, ν + 1) and x, z = U (k, ν + q); and ρ(x, z)
s(k, ν + q) < a + b + 2 .
2. If, on the other hand, l(1) =m(ν), and if 1 < μ ν is (the greatest) such that m(μ − 1) <m(μ) − 1, let k ∈ M such
that
k(i) =m(i) for all 1 i < μ, and
k(μ) =m(μ) − 1.
Clearly, x, z ∈ U (k,μ) and ρ(x, z) s(k,μ) < a+b+2 . Conceivably, there is no such μ. In that case, if 1 <m(1), then, there
is W ∈ Um(1)−1 such that St(U ,Um(1)) ⊂ W and x, y, z ∈ W and ρ(x, z) < a+b+2 . If, further, m(1) = 1, then 1 < a+b+2
and therefore ρ(x, z) < a + b + 2 . Thus ρ is a metric on X and it is clear that it generates the topology.
1.5. Indeed, it is quite obvious that for all  > 0, B(x) with respect to ρ is equal to St(x,U(m,∞)) for some m ∈ M such
that limp→∞ s(m, p) =  . The collection {B(x): x ∈ X} by Proposition 1.3 is tufted. We therefore have the following.
Theorem 1.6. On any metrizable space X, there is a metric ρ with respect to which the collection {B(x): x ∈ X}, whatever  > 0, is
tufted, with a locally ﬁnite tufting.
Remark. We can indeed say: On any metrizable space X , there is a metric ρ with respect to which the collection {B(x):
x ∈ X}, whatever  > 0, is a locally ﬁnitely stellar assignment.
2. Metrization in terms of basic sequences of symmetric tufted assignments of neighbourhoods
In Theorem 0.6, we have: The availability on X of a basic sequence of locally ﬁnitely stellar assignments of neighbour-
hoods is suﬃcient for metrizability. In view of 0.3, the question naturally arises as to whether the availability on X of
a basic sequence of assignments of symmetric tufted neighbourhoods is already suﬃcient. Theorem 2.1 below addresses this
question.
Theorem 2.1. A regular T0-space X is metrizable if, and only if, there is a basic sequence 〈Un ≡ {Un(x): x ∈ X}〉 of tufted symmetric
assignments of neighbourhoods.
Proof. The necessity of the condition is clear from 0.6 and 0.3.
To prove the suﬃciency of the condition, we invoke Theorem 0.5 and produce {Wn(x): n ∈ N} at every x ∈ X with the
required property.
We let
Wn(x) ≡ \
⋃{
Cl T
(
Un(y)
)
: x /∈ Cl T (Un(y))}
for all n ∈ N, x ∈ X , and show that such Wn(x)’s have the required property in the following.
Note
(1) for all n ∈ N, z ∈ X ,
T
(
Un(z)
)⊂ Un(z) and
Cl T
(
Un(z)
)⊂ Un(z) because of the symmetry of Un , and
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above that, for all y ∈ X , x ∈ Cl T (Um(y)) ⇒ T (Um(y)) ⊂ U . We can indeed assume
x ∈ Cl T (Um(y)) ⇒ Cl T (Um(y))⊂ U , (∗)
in view of the regularity of X . We can let the V as required in 0.5 be Wm(x) and, because Wm(x) ⊂ U in view of (∗),
we see clearly (ii) Wm(y) ⊆ Wm(x) ⊂ U if y ∈ V . That (i) Wm(y) ∩ Wm(x) = ∅ if y /∈ U can be seen if we note that
z ∈ Wm(y) ∩ Wm(x) ⇒ y ∈ Cl T (Um(z)) and x ∈ Cl T (Um(z)) which is impossible in view of (∗). 
Remarks.
1. Theorem 2.1 has been included in [4] for reasons stated there. It has an antecedent in Theorem 5 of [3].
2. Our characterization of metrizability says effectively that the difference between metrizability and semi-metrizability is
the presence or absence of the word “tufted” in the statement of Theorem 2.1.
3. Question: Is it possible that, on a metrizable space X , symmetric tufted assignments U of neighbourhoods can always
be reﬁned by stellar assignments? (Professor Nagata, noting that, if, in addition, the members of U ≡ {U (z): z ∈ X}
are open, y ∈ Cl T (U (x)) ⇒ U (y) ⊂ U (x), suggests letting V (x) ≡ U (x)\⋃{Cl T (U (y)): x /∈ Cl T (U (y))} for all x ∈ X and
V ≡ {V (x):x ∈ X} in order to be able to conclude, in that particular case, that, for every x ∈ X , St(x,V) ⊂ U (x).)
4. It is instructive to compare our theorem here with those of Nagami (Cor. 2.5 of [2]) and Wiscamb (Thm. 2.3 of [9]).
Corollary 2.2. A regular T0-space is metrizable if there is a σ -discrete open base.
Proof. Given a σ -discrete open base
⋃{Un: n ∈ N}. For each m ∈ N, we can deﬁne a symmetric and tufted assignment
{Um(x): x ∈ X} of neighbourhoods on X as follows.
Um(x) = Cl U , if x ∈ U for some U ∈ Um,
Um(x) = X\
⋃
Um, if x /∈ Cl
⋃
Um, and
Um(x) = X\
⋃(Um\{U }), if x ∈ Cl U\U for some U ∈ Um.
Clearly the sequence 〈{Um(x): x ∈ X}〉 is basic and X is metrizable. 
The idea of a symmetric and tufted assignment of neighbourhoods also provides in the following a characterization
of paracompactness as well as the identiﬁcation of a property, formally weaker than paracompactness, that is capable of
addressing the problem of metrization of Moore spaces.
Theorem 2.3. A T2-space X is paracompact if and only if, given any open cover U , there is a symmetric and tufted assignment
V ≡ {V (x): x ∈ X} of neighbourhoods reﬁning U .
Proof. The necessity part is part of Proposition 1.1, where {St(x,W): x ∈ X} is symmetric and tufted (0.3). The suﬃ-
ciency part is obvious if one notes that U is not only reﬁned by V , but also by the tufting of V , and the fact that
Cl T (V (x)) ⊂ V (x). 
Deﬁnition 2.4. A T2-space X is said to be pseudo-paracompact if, given any stellar assignment {U (x): x ∈ X}, there is
a sequence 〈{Vn(x): x ∈ X}〉 of symmetric tufted assignments of neighbourhoods such that, given x ∈ X , Vn(x) ⊂ U (x) for
some n ∈ N.
Theorem 2.5. Paracompactness ⇒ pseudo-paracompactness and pseudo-paracompact Moore spaces are metrizable (cf. Theorem 2.1
of [4]).
Remarks. In Deﬁnition 2.4, we can enlarge the range of applicability of the requirement and identify two properties, (pp1)
and (pp2), as follows. A topological space is said to have property (pp1) (respectively (pp2)) if, given any symmetric neigh-
bourhood (respectively, neighbourhood) assignment {U (x): x ∈ X}, there is a sequence 〈{Vn(x): x ∈ X}〉 of symmetric tufted
assignments of neighbourhoods such that, given x ∈ X , Vn(x) ⊂ U (x) for some n ∈ N. Clearly (see Theorems 1.6 or 0.6),
metrizable spaces have these properties and we have metrization theorems for semi-metric spaces and ﬁrst-countable
spaces:
On regular T0-spaces, (pp1)+ semi-metrizability=metrizability and (pp2)+ﬁrst countability=metrizability. Clearly also,
mutatis mutandis, we have a semi-metrization theorem for ﬁrst-countable spaces.
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In the context of his remarkable result, cited in the introductory paragraph of Section 1, Nagata asked whether on
a metrizable space there is a metric d with respect to which balls of equal radii constitute a locally ﬁnite family. Balogh
and Gruenhage [1] and Yun and Junnila [10] showed that in general there is not and if there is in the case of one particular
metrizable space X , that X must be strongly metrizable, i.e., X has a base (that can be arranged) in the form of a countable
collection of star-ﬁnite open covers. On the other hand, if X is strongly metrizable, then there is always such a metric on it.
Strong Metrizability on a metric space X is therefore that which gives a positive answer to Nagata’s question with respect
to X . Here we give a characterization of strong metrizability of T3 spaces as the availability of a basic sequence of point-ﬁnite
symmetric assignments of neighbourhoods.
Theorem 3.1. A T3-space X is strongly metrizable if, and only if, there is a basic sequence 〈{Un(x): x ∈ X}〉 of symmetric, point-ﬁ-
nite neighbourhood assignments.
Proof. Given such a basic sequence. For any n ∈ N, Un ≡ {Un(x): x ∈ X} is star-ﬁnite. For, Un(y) ∩ T (Un(x)) = ∅ ⇒
T (Un(x)) ⊂ Un(y) ⇒ T (Un(y)) ⊂ Un(x). And, given Un(x), |{V ∈ Un: T (V ) ⊂ Un(x)| < ω and given V ∈ Un , |{W ∈ Un:
T (V ) ⊂ W }| < ω. Clearly, T (Un(x)) ⊂ Int Un(x) ⊂ Un(x) and U0n ≡ {Int U : U ∈ Un} is also star-ﬁnite, and
⋃{U0n : n ∈ N} is
a σ -star-ﬁnite open base. On the other hand, given a sequence 〈Vi〉 of star-ﬁnite open covers on X such that ⋃{Vi: i ∈ N}
is a base. Note that, for each n ∈ N, with respect to some particular metric d on x, we can let Vi,n ≡ {V ∈ Vi: diam. V < 1n },
for all i ∈ N. Clearly, for every n ∈ N, {⋃Vi,n: i ∈ N} is a (countable) open cover of X , and there is a closed Ci,n ⊂⋃Vi,n for
every i ∈ N such that {Ci,n: i ∈ N} is a (closed) cover of X , so that we can deﬁne, for each i,n ∈ N, a(nother) star-ﬁnite open
cover Wi,n as follows,
Wi,n ≡ Vi,n ∪ {V \Ci,n: V ∈ Vi\Vi,n}.
Clearly, 〈Wi,n〉 has the property that, for every x ∈ X , {St(x,Wi,n): i,n ∈ N} is a local base at x, and {St(x,Wi,n): x ∈ X}
for every i,n ∈ N, is point-ﬁnite, a fact that becomes obvious if one notes that the sets {W ∈Wi,n: x ∈ W }, {W ∈Wi,n:
W ∩St(x,Wi,n) = ∅}, and {W ∈Wi,n: W ∩St2(x,Wi,n) = ∅} are all ﬁnite. Therefore we have a basic sequence of assignments
of point-ﬁnite symmetric neighbourhoods. 
Remarks.
1. The proof of the suﬃciency part of our theorem was ﬁrst communicated to Professor Nagata February 2005 as my offer
of a simpliﬁcation of the proof of Proposition 4 in [7] that Professor Nagata knew exists although he could not arrive at
at the time (see Concluding Remarks of [7]). In this connection, I have to acknowledge the inspiration I received from
Professor Nagata’s work [7] in the bringing forth of the theorem above.
2. In the proof of the theorem, it is quite clear that point-ﬁniteness of a symmetric neighbourhood assignment implies
a locally ﬁnite tufting on it. The condition in the theorem is therefore a simple (non-trivial) strengthening of that of
Theorem 2.1. As such, it answers Nagata’s question (Problem 4 of [6]) in the negative with no recourse to the universal
space of the strongly metrizable (cf. Theorem 1.4 of [1]).
3. There seems to have been a case of collective amnesia in our area of study. Wiscamb [9] in 1969 gave some charac-
terizations of strong metrizability in terms of symmetric neighbourhood assignments (Theorem 4.1 of [9]) which, if not
forgotten, would have answered Nagata’s question immediately and the efforts of [1] and [10] would not have been
necessary. This, of course, is not to say that the investigations in [1] and [10] have not been fruitful. Far from it. Another
mystery in this regard is the failure of Wiscamb’s Theorem 4.1 to include our result above, it having included (iv) among
seven other items that carefully distinguished the open and the closed neighbourhoods, the star-ﬁnite, the locally ﬁnite
and the point-ﬁnite, not to mention the star-countable, the locally countable and the point countable. (Professor Nagata
informed the author that the result that did not appear in [9] did appear in Wiscamb’s 1965 thesis, further deepening
the mystery.)
4. The proof of the necessity part is largely Proposition 3.14 of Chap. 2 of [8]. My contribution is conﬁned to the shifting
of our focus from the Wi,n ’s, to the stars, and the noting of their point-ﬁniteness.
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